We show how entangled valence-bond singlet pairs are disentangled partially and totally by the Kennedy-Tasaki transformation which reveals the hidden Z 2 × Z 2 symmetry in valence-bond-solid chains as a higher-spin generalization of the previous studies toward the intermediate-D state. The totally disentangled states correspond to four Ising-like states with Z 2 variables on the boundary. We present a simple expression of results by using the spin decomposition and the boundary matrix.
of the edge/surface modes, is not only theoretical concept but also realized experimentally in Haldane systems, 5 quantum Hall systems, 6 quantum spin Hall systems, 7 and topological insulators. 8 Especially, edge modes in the Haldane system have been applied to the quantum computation 9 based on the topological entanglement. As a theoretical study on the topological entanglement, AdS/CFT correspondence 10 is also a hot topic.
Many theoretical models generalized from the AKLT model by means of valence bond solid(VBS) construction 11 have been studied in higher dimension and/or in various spin symmetries except for SU (2) . However, even in the one-dimensional Heisenberg model with SU (2) symmetry, what kind of hidden order exists in higher-spin chains is still unclear. For example, as shown in a rigorous study about the VBS state, 12 the hidden Z 2 × Z 2 symmetry breaks down only for odd integer S but remains unbroken for even integer. As discussed in the recent numerical study on the S = 2 anisotropic chain, 13 the determination of the phase diagram is still worthwhile especially about existence of the intermediate-D(ID) phase. In this sense, higher-S generalization is not straightforward.
In this letter, we study what is a natural extension toward higher integer spin based on the Kennedy-Tasaki(KT) transformationÛ , 3 which is nonlocal unitary transformation revealing the hidden Z 2 × Z 2 symmetry directly. In short, the transformed Hamiltonian H =ÛĤÛ −1 has clear Z 2 × Z 2 symmetry and the non-local string order inĤ corresponds to conventional ferromagnetic order in H. In addition, the four-fold degeneracy which is hidden inĤ with the PBC corresponds to the four ferromagnetic ground states in H. Our motivation is to obtain four ferromagnetic ground states generalized to higher-S. It is surprising that what this strategy showed us in higher-S models is not the Haldane state but the ID VBS state. 12 (See Fig. 1 .) It is quite natural if we adopt the concept that the Z 2 symmetry is originated from the Z 2 variables on the boundaries and, in this sense, the Haldane state must have the
To show the beautiful mathematical structure of our result, this letter is organized inversely as follows. First, we start with the known spin-S VBS Hamiltonian for ID phase 12 as a generalization of the spin-1 AKLT Hamiltonian. Then, we write down its ground states as a matrix product state(MPS) with the two boundary variables. Using a spin decomposition, we summarize our results for the KT transformation and discuss the role of the KT transformation as the topological disentangler, generalizing the spin-1 topological disentangler studied by Okunishi recently. 14 In this meaning, the KT transformation for arbitrary integer spin deeply relates not only the hidden Z 2 × Z 2 symmetry and but also the topological entanglement.
Let us illustrate the ID VBS state for arbitrary spin S in the Schwinger boson picture, where one spin-S is decomposed into 2S spin-1/2's at each site. To consider the ID VBS states which correspond to the four-fold degenerated ground states, we limit ourselves to the case that the number of the valence bonds between the two nearest neighbor sites is only one. As shown in Fig. 1(a) , at each site i, one spin-1/2 at i ℓ couples to the left site, one spin-1/2 at i r couples to the right site, and there are (S − 1)-pairs of up and down spin-1/2's for all the rest in i z . The Hamiltonian which has the ID VBS states as the exact ground states is given only with the nearest neighbor interactions asĤ = iĤ i,i+1 . Using the spin-S operator at ith site,Ŝ i , and the local S z basis given byŜ z i |m i = m|m i with = 1,Ĥ i,i+1 is given as follows:
The symmetrizing projectionP 
Ψ is a 2×2 matrix corresponding to the 4-fold degenerated ground states, which are unnormalized and non-orthogonal. It is easy to checkĤ ij A i A j becomes the zero matrix, which means
that the ground states are zero-energy states. Since the Hamiltonian is written as sum of the projections, the other excited states have non-zero eigen-values. In the S = 1 case, due tô
ij , which is nothing but the original AKLT Hamiltonian. 4 In fact, A i for S = 1 corresponds to that of the spin-1 Haldane state. 12, 15 Under the OBC, the four-fold degenerated ground states are written as Higher-spin generalization of the KT transformation is given as 12
with the spin-S operatorŜ α i . The hidden Z 2 × Z 2 symmetry is revealed byÛ because the ferro magnetic correlation functionŜ α iŜ α j is transformed into the string operator for α = x, z. 12 For example,ÛŜ z iŜ z j (Û ) −1 =Ŝ z i e iπ j−1 k=iŜ z kŜ z j in arbitrary integer S. As the main result of this letter, we will write down the four states after the KT transformation. It is interesting that we can obtain a simple form if we use the boundary matrix B = Ω defined as
Then, the MPS after the KT transformation can be written aŝ
These four Ising states are generalization of ferromagnetic states in the S = 1 case. Okunishi's result 14 to higher-S in a unified way using a spin decomposition.
Let us illustrate the spin decomposition. The spin-S operator at ith site can be decomposed into spin-(S − 1) operatorŜ iz and spin-1 operatorŜ iv when we introduce the relation between the local basis as
where J, m|J ′ , m ′ ; J ′′ , m ′′ are Clebsh-Gordan coefficients. With using the projection operator defined in Eq.(2), the equation for spin operators is written asŜ i =P
(S)
iziv (Ŝ iz +Ŝ iv ). Here we note our ambiguity in this equation: the r.h.s. must be 2S + 1 dimensional matrices with the Hilbert space spanned by | − S i , . . . , |S i , but, the l.h.s. equals to the product of 3(2S − 1) dimensional matrices with direct-product states |m iv |m ′ iz for |m| ≤ 1 and |m ′ | ≤ S − 1. In this case, |m i must be written in |m iv |m ′ iz via Eq.(10). In the following, the Hilbert space of each equation is not explicitly defined and automatically changed depending on the context. The same ambiguity in the identical equation
iziv ) † might be removed by rewriting the projection operator defined in Eq.(2) asP
Ŝ iz +Ŝ iv . This is the spin decomposition in the opposite of the spin compositionŜ ij =Ŝ i +Ŝ j . For readability, we summarize notations of operators. All operators have the hat notation,ˆ, and subscripts denoting the region where the operator is defined: single site operatorŜ z i and two site operatorĤ ij , except for total operatorŜ z . This rule for subscript is also applied to the MPS, such as A i , and Ψ.
Using the spin decomposition, the local MPS A i for S > 1 can be constructed from spin-1 MPS A iv as
In addition, we can decompose a spin-S into spin-1/2's. This is nothing but the schematic picture of ID-VBS state 11 as shown in Fig. 1(a) . For simplicity, we decompose a spin-1 only at i v -site into two spin-1/2's as
Here we use the 2 × 2 matrix s y = spin-1/2 operator. A product of the matrices, A iv A jv includes the valence bond singlet
Before we mention the disentangler, we summarize the Z 2 property of the spin decomposed MPS, recalling the introduction of this letter. The hidden antiferromagnetic order and Z 2 × Z 2 symmetry come from the random variables, σ i . These spin-1/2 Ising (or Z 2 ) variables correspond to the artificial degrees of the freedom of the matrix space as
, which is defined in Eq.(5). After the spin decomposition in Eq.(11), a matrix element (A iv ) σ i σ i+1 is proportional to |σ i i ℓ | − σ i+1 ir in the spin decomposed basis. In the original spin basis, (A i ) σ i σ i+1 corresponds to |m i i with
The correspondence can be checked from Eq.(4). This is the explicit correspondence to the RSOS model 2 as already mentioned in this letter. We emphasize that σ i is the source of the log 2 entanglement entropy of the valence bond singlet |s ir,j ℓ , which is the target of the disentangler.
The topological disentangler, 14 defined aŝ
has the same form in the higher-spin generalization. Then, using the boundary Z 2 variables
i ℓ ir , we have
where |σ x k = e −i π 2Ŝ y k |σ k for k = i ℓ or k = i r are local spin-1/2 states in spin-x basis. Since we can write (ΨΩ)
, Ω is a transformation (or mapping) between σ L+1 and σ ′ L+1 . In fact, due to Ω = √ 2 e σ ′ L+1 is a variable in spin-x axis. This is the meaning of Ω and the local basis at L r is written in |ν x Lr . The local states on both boundaries are determined by µ = σ 1 , ν = σ ′ L+1 , but each singlet is entangled and has a free (or random) variable σ i as shown in Fig. 2(a) . For odd S, this MPS is disentangled asD
as shown in Fig. 2 . In short, the target local states are determined by the boundary variables µ, ν.
Equations (13) and (14) are valid only for odd S. For general S, we can obtain the same result if we replace e It is instructive to show how the KT transformation fails to disentangle the Haldane state for S > 1. For example, let us consider the Haldane state for L = 2, and S = 2. We can decompose a S = 2 spin at ith site into two spin-1's at i r and i ℓ with the valence bond singlet |s ir,(i+1) ℓ =
, which is the unique ground state of the Hamiltonian S ir · S (i+1) ℓ and has log 3 entanglement entropy.
Then, one of 3 × 3 states, |Ψ 00 =P tot |0 1 ℓ |s 1r,2 ℓ |0 2r , is transformed as e iπŜ z 1Ŝ x
|0 2r . As shown in this example, the KT transformation fails to disentangle the singlet corresponds to Z 3 symmetry.
In summary, we have rigorously found that four-fold degenerated Ising-like states generalized to arbitrary integer spins correspond to four-fold degenerated ID-states via the KT transformation as the total disentangler. In the view point of the one-site disentangler, we have given the higher-spin generalization of Okunishi's paper 14 using the spin decomposition representation as an alternative to the Schwinger boson representation.
The spin decomposition approach reminds us the decomposition of a S = 1 spin into ferromagnetically coupled S = 1/2 spins, discussed in the S = 1/2 quantum spin chain with bond alternation. This Hamiltonian breaks the spin SU (2) symmetry but has U (1) rotational symmetry via spin z-axis. Then, we adopt the usual Z 2 Berry phase via gauge twist on z-axis, 23 which corresponds to the twisted boundary condition used in the level spectroscopy in the S = 2 chain. 13 Since the gauge twist just modifies the boundary matrix, we can prove that the ID state gives non-trivial π Berry phase due one singlet on the bond.
As a future problem, one can consider the q-deformed model with U q (su(2)) quantum group. 15 In addition, construction of the disentangler corresponding to the hidden Z S+1 ×Z S+1
symmetry is still an open question, but this (dis)entanglement view of point will be important in this generalization.
